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§1 Introduction

K: an NFor an MLF — K: an alg closure of K

Gk ¥ Gal(K/K)

(g,7): a pair of integers >0 sit. 29—2+7r>0
C: a hyperbolic curve, g of type (g,7) (g: the genus, r: the # of cusps)
m1((—)): the étale m; of (—)

Arata Minamide (RIMS, Kyoto University) The injectivity portion July 6, 2021 2 /36



§1 Introduction

K: an NFor an MLF — K: an alg closure of K

Gk ¥ Gal(K/K)

(g,7): a pair of integers >0 sit. 29—2+7r>0
C: a hyperbolic curve, g of type (g,7) (g: the genus, r: the # of cusps)
m1((—)): the étale m; of (—)

Recall: The homotopy ext seq

1*)7‘(1(0 XKF) *>’/T1(C) GK 1

induces an outer representation

p:Gg — Out(m(C xi K)).
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Fact (Belyi, Voevodskii, Matsumoto)
If r >0, then p is injective. J

Today,
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Theorem 1 (Hoshi-Mochizuki)

For any (g,7), p is injective. J
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If r >0, then p is injective. J
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Theorem 1 (Hoshi-Mochizuki)

For any (g,7), p is injective. J

Method: combinatorial anabelian geometry
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Fact (Belyi, Voevodskii, Matsumoto)

If r >0, then p is injective. J
Today,

Theorem 1 (Hoshi-Mochizuki)

For any (g,7), p is injective. J

Method: combinatorial anabelian geometry

o First, Mochizuki gave an alternative proof of Fact from the point

of view of combinatorial anabelian geometry (cf. [CmbCsp]).

Arata Minamide (RIMS, Kyoto University) The injectivity portion July 6, 2021 3 /36



Fact (Belyi, Voevodskii, Matsumoto)

If r >0, then p is injective. J
Today,

Theorem 1 (Hoshi-Mochizuki)

For any (g,7), p is injective. J

Method: combinatorial anabelian geometry

o First, Mochizuki gave an alternative proof of Fact from the point

of view of combinatorial anabelian geometry (cf. [CmbCsp]).

@ Then Hoshi-Mochizuki proved Theorem 1 (cf. [NodNon]).
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Idea

We know the injectivity of G — Out(IF’lf\ {0,1,00}) (due to Belyf).
We want to show that G'x — Out(m(Cx)) for any C. However,

?
P\ {0,1,00} -+ Cg
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Idea
We know the injectivity of G — Out(IF’lf\ {0,1,00}) (due to Belyf).
We want to show that G'x — Out(m(Cx)) for any C. However,

?
P\ {0, 1,00} -+ Cg
Observe: P%\{O,l,oo} “C" the 3rd conf. space (C%)s of Cx.

Pl?\{ovlvoo} (CF)3 Cf
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Idea

We know the injectivity of G — Out(IF’%\ {0,1,00}) (due to Belyf).
We want to show that G'x — Out(m(Cx)) for any C. However,

?
P\ {0, 1,00} -+ Cg
Observe: P%\{O,l,oo} “C" the 3rd conf. space (C%)s of Cx.

Pl?\{ovlvoo} (CF)B Cf

On the other hand,

? ?

Out(m ((Cx)s)) -+ Out(m((Cg)2)) -+ Out(m(Cx))
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Idea

We know the injectivity of G — Out(IF’%\ {0,1,00}) (due to Belyf).
We want to show that G'x — Out(m(Cx)) for any C. However,

?
P\ {0, 1,00} -+ Cg
Observe: P%\{O,l,oo} “C" the 3rd conf. space (C%)s of Cx.

Pl?\{ovlvoo} (CF)B Cf

On the other hand,

? ?

Out(m ((Cx)s)) -+ Out(m((Cg)2)) -+ Out(m(Cx))

= We need to consider a certain subgp Out"“ (71 ((C),)).
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k: an alg closed field of char 0
X: a hyperbolic curve;, of type (g,7)

x, {1, ,2n) € X" | z; #x; if i# 7} (the n-th conf. sp)
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k: an alg closed field of char 0

X: a hyperbolic curve;, of type (g,7)

x, {1, ,2n) € X" | z; #x; if i# 7} (the n-th conf. sp)

In particular, the projections obtained by forgetting the last factors
X = Xpor —» 0 = X9 - X
induce a sequence of (outer) surjections

M, ¥ m(X,) - My — - — Iy — I
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k: an alg closed field of char 0

X: a hyperbolic curve;, of type (g,7)

x, {1, ,2n) € X" | z; #x; if i# 7} (the n-th conf. sp)

In particular, the projections obtained by forgetting the last factors
X, = Xpop —» 0 = X9 = X
induce a sequence of (outer) surjections
def

I, = 7"-1()(71) —- I,y - - = 1 — IL.

Write K, & Ker(Il,, — II,,,), Il e {1}. Then we have

{l}angKn—lggKngOZHn
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Note: We have the following commutative diagram

1l — Kp/Kpy1 — 1L,/ Kpy1 —— 1, /Ky, —— 1

L I i

1 —— m(Y) ——— Ty I, y 1

— where Y is a hyperbolic curve of type (g, + m).
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Definition
a € Aut(1l,,) is F-admissible o a(F) = F for every fiber subgroup
F CTI, (i.e., the kernel of II, — II,,; which arises from some

projection X,, — X,/).
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Definition
a € Aut(1l,,) is F-admissible o a(F) = F for every fiber subgroup
F CTI, (i.e., the kernel of II, — II,,; which arises from some

projection X,, — X,/).

a € Aut(Il,) is C-admissible &

(i) a(Kp) =Ky, (0<m<n);
(i) a: Kp/Kmi1 — Km/Km+1 induces a bijection between the set
of cuspidal inertia subgps C K,/ K1
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Definition
a € Aut(1l,,) is F-admissible o a(F) = F for every fiber subgroup
F CTI, (i.e., the kernel of II, — II,,; which arises from some

projection X,, — X,/).

a € Aut(Il,) is C-admissible &

(i) a(Kp) =Ky, (0<m<n);
(i) a: Kp/Kmi1 — Km/Km+1 induces a bijection between the set

of cuspidal inertia subgps C K,/ K1

a € Aut(1l,,) is FC-admissible ¢« is F-admissible and C-admissible.

v
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Aut¥©(11,) = { FC-admissible automorphisms of II,, }

OutFC(11,,) AutFC(I1,,) /Inn(I1,)
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def

Aut¥©(11,) = { FC-admissible automorphisms of II,, }

OutFe(I1,) % Awt¥C(I1,)/Inn(I1,)

Observe: X, 11 — X,, “forgetting the last factor” induces

bn : OutFC(IT, 1) — OutFo(II,).
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Aut¥C(11,) dof { FC-admissible automorphisms of II,, }

OutFe(I1,) % Awt¥C(I1,)/Inn(I1,)

Observe: X, 11 — X,, “forgetting the last factor” induces

bn : OutFC(IT, 1) — OutFo(II,).

Theorem 2 (Hoshi-Mochizuki)
¢n Is injective for n > 1. J
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def

Aut¥©(11,) = { FC-admissible automorphisms of II,, }

def

OutFC(11,,) AutFC(I1,,) /Inn(I1,)

Observe: X, 11 — X,, “forgetting the last factor” induces

bn : OutFC(IT, 1) — OutFo(II,).

Theorem 2 (Hoshi-Mochizuki) J

¢n Is injective for n > 1.

Remark:
@ ¢, is bijective for n > 4.

@ o pro-l version of ¢,, and similar results are known.
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@ There are related works due to lhara, Kaneko, Nakamura, Takao,

Ueno, Harbater-Schneps, Tsunogai (cf., e.g., “Out’").
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@ There are related works due to lhara, Kaneko, Nakamura, Takao,

Ueno, Harbater-Schneps, Tsunogai (cf., e.g., “Out’").

‘Theorem 2 — Theorem 1‘

let X ¥ oxp K, k%

defF
( — Wl(CXKF) = 7T1(X) =1L )
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@ There are related works due to lhara, Kaneko, Nakamura, Takao,

Ueno, Harbater-Schneps, Tsunogai (cf., e.g., “Out’").

‘Theorem 2 — Theorem 1‘

let X ¥ oxp K, k%

def K
( — Wl(CXKF) = 7T1(X) =1L )
Note: The outer rep'n p: Gx — Out(Il;) factors as

Gk — Out'®(II}) — Out(Ily).

Thus, to show that p is injective, it suffices to show that

Gk — OuwtFC(II;) is injective.
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This follows from the commutativity of the diagram

Gg — Outf® (ITy)

| Jo

Gg — OutFC(HQ)

H Jes

Gx — Out'(Il3) -~ Out(m (PL\ {0,1,00}))

~

injective by Bely?
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This follows from the commutativity of the diagram

Gg — Outf® (ITy)

| Jo

Gg — OutFC(HQ)

H Jes

Gx — Out'(Il3) -~ Out(m (PL\ {0,1,00}))

~

injective by Bely?

Today, for simplicity, we consider the proof of the injectivity of ¢.

— It suffices to verify the following proposition:
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Proposition 1
Write

n_y T Do
AutIFC(HQ) déf = AutFC(HZ) ozC 1, ’

b2 114 D a=id

—~ def
E = Ker(p1) N Ker(py) (C IIy).

Arata Minamide (RIMS, Kyoto University) The injectivity portion July 6, 2021 11 /36



Proposition 1
Write

n_y T Do
AutIFC(HQ) déf = AutFC(HZ) ozC 1, ’

b2 114 D a=id

—~ def
E = Ker(p1) N Ker(py) (C IIy).

Then the injection (cf. the center-freeness of 1l3)

conj.

& Aut'FO(IL,)

[11

is bijective.
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Proposition 1 == Theorem 2 (¢; : Out"C(Il,) — Out¥“(Il,))

Let o € AutFC(Ily) s.t.

- Hl Doq:lnnql
a1l

H1 DOQ
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Proposition 1 == Theorem 2 (¢; : Out"C(Il,) — Out¥“(Il,))

Let o € AutFC(Ily) s.t.

- Hl Doq Inn(g1)
a1l

H1 DOQ

Observe: Let D C Il be a decomposition group assoc. to
the diagonal C X X X. Then it holds that

a@) = 7-D-771 (7 €lly).

(cf. our assumption that « is FC-admissible).
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Thus, since D e

l i(m p2)

{(CL, a)} —> H1 X H1

we conclude that
ay = Inn(gz) (g2 €1Ly).
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Thus, since D e

l i(m p2)

{(CL, a)} —> H1 X H1

we conclude that
ay = Inn(gz) (g2 €1Ly).

Let g €llz st. pi(g) =g1 and pa(g) = g2
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Thus, since D e

l i(m p2)

{(CL, a)} —> H1 X H1

we conclude that
ay = Inn(gz) (g2 €1Ly).

Let g €llz st. pi(g) =g1 and pa(g) = g2

— Inn(g) loa € AutO(IL) & =
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Thus, since D e

l i(m p2)

{(CL, a)} —> H1 X H1

we conclude that
ay = Inn(gz) (g2 €1Ly).

Let g €llz st. pi(g) =g1 and pa(g) = g2

— Inn(g) loa € AutO(IL) & =

= a € Inn(Ily)
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Thus, since D e

l i(m p2)

{(CL, a)} —> H1 X H1
we conclude that
as = Inn(g2) (g2 € IIy).

Let g €llz st. pi(g) =g1 and pa(g) = g2

— Inn(g) loa € AutO(IL) & =

= a € Inn(Ily)

Proof of Proposition 1‘ -+ an application of CmbGC!
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§2 Proof of Propl — the tripod case

Suppose that | X = P} \ {a,b,c}|

. p .
Write 1l def Ker(ITy e IT;). In particular, we have

\

1 —— Iy, I, 2 1L y 1.

Let o € AutIFC(Hg). We want to show that « is a Z-inner.
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§2 Proof of Propl — the tripod case

Suppose that | X = P} \ {a,b,c}|

. p .
Write 1l def Ker(ITy e IT;). In particular, we have

1 —— Iy, I, 2 1L > 1.

Let o € AutIFC(Hg). We want to show that « is a Z-inner.

First, we consider the geom. generic fiber of pr; : Xy — X.

Q
_ *

Uz/\ 20‘\2&; Mu"‘f
o %

0
A
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Then since

@ po : IIy — II; is induced by the open immersion

Pﬁ_

—> o o

X Q
5O
(o
-

S D

@ a9 =1id (Cf o€ AUtIFC(H2>),

@ « is C-admissible,

we conclude that « induces the identity permutation on the set of

conjugacy classes of cuspidal inertia groups of II,/;.
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Fix: a cuspidal inertia subgroup 1, C I/, assoc. to a.
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Fix: a cuspidal inertia subgroup 1, C I/, assoc. to a.

= oly) = £ L& (E€lly)
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Fix: a cuspidal inertia subgroup 1, C I/, assoc. to a.

= a(ly) = £ 1,-€1 (Eelly,)
= po(ly) = paa(ly)) = p2(&) -pa(ly) - p2(&)~ ! (cf. ag =id)
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Fix: a cuspidal inertia subgroup 1, C I/, assoc. to a.

= a(ly) = & I,-¢1 (Eellyy)

= p2(la) = p2(alle)) = p2(§) p2(la) p2(§)™" (cf. a2 =1id)
= p2(§) € an(pQ(Ia)) = pZ(Ia)
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Fix: a cuspidal inertia subgroup 1, C I/, assoc. to a.

= a(ly) = £ 1,-€1 (Eelly,)
= po(ly) = paa(ly)) = p2(&) -pa(ly) - p2(&)~ ! (cf. ag =id)
= p2(§) € N, (p2(la)) = p2(la)

Thus, replacing £ by a suitable element, we may assume WLOG that

£ ez
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Fix: a cuspidal inertia subgroup 1, C I/, assoc. to a.

— o)) = £ L€ (€€Tly)

= p2(la) = pa(a(la)) = pa(&) - pa(la) -pa(§)™" (cf. a2 =id)

= p2(§) € an(pQ(Ia)) = pZ(Ia)

Thus, replacing £ by a suitable element, we may assume WLOG that

£ ez

Therefore, replacing a by Inn(¢7!) o a, we may assume WLOG that

a(ly) = 1.

Under this (additional) assumption, let us prove .
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Step 1 (group-theoretic argument)

Observe: We have an exact sequence

~
—_

1 —— H2/1 H2 > H1

Moreover, it holds that a; =id (cf. o € Aut™C(Ily)). Thus, since

Ly/; is center-free, to verify a =id, it suffices to show that

def _ i
gy = a’H2/1 = id.
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Step 1 (group-theoretic argument)

Observe: We have an exact sequence

1 —— Iy, I, 2 1, v 1.

Moreover, it holds that a; =id (cf. o € Aut™C(Ily)). Thus, since

Ly/; is center-free, to verify a =id, it suffices to show that

def _ i
gy = a’H2/1 = id.

Step 2 (application of CmbGC)

Z'9g: a “natural” smooth log curve;, assoc. to X

Z;Og: the 2nd log configuration space of Z'°8
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Note: II, =5 m°8(Z8).
8(::‘} _ 4

Next, we consider the fiber of pry : Zlos _, zlog Gyer b,

2
Jgy N F

b

1
[lz/ = K L b,
\ c =
e %
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Note: II, =5 m°8(Z8).
8(::‘} _ 4

Next, we consider the fiber of pry : Zéog — Zlg over b.
Jgy Z\ v,

~ D
Tl\Z/\ = I( C‘ F: “ l’(a
2

g

, © Ily/: a unique (among its Ily/;-cong.) verticial subgp

assoc. to [, which contains (the fixed) I,
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Note: We have the following commutative diagram:

Jb < H1 > Out(l_[g/l)

1dll aq :ldlz Out(a2/1 )J’Z

Jb < ]._.[1 > Out(HQ/l)

— where J, C II; is a cuspidal inertia subgp assoc. to b.
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Note: We have the following commutative diagram:

Jb < H1 > Out(HQ/l)

1dll aq :ldlz Out(a2/1 )J’Z

Jb < ]._.[1 > Out(HQ/l)

— where J, C II; is a cuspidal inertia subgp assoc. to b.

Then since the composite J, — 113 — Out(Ily;) is of IPSC-type,
it follows from CmbGC that ay/; is graphic, hence that

ag/1(IlR,) is a verticial subgp 2 ay)1(la) = Ia.
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Note: We have the following commutative diagram:

Jb < H1 > Out(l_[g/l)

1dll aq :ldlz Out(a2/1 )J’Z

Jb < ]._.[1 > Out(HQ/l)

— where J, C II; is a cuspidal inertia subgp assoc. to b.

Then since the composite J, — 113 — Out(Ily;) is of IPSC-type,
it follows from CmbGC that ay/; is graphic, hence that

ag/1(IlR,) is a verticial subgp 2 ay)1(la) = Ia.

= 062/1(HFb) = IIp,  (cf. the “uniqueness” of IIf)
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Next, we consider the fiber of pr; : Z5® — Z18 over c.

1 /N
Jy & i
T (
- )

1o

T,

—
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Next, we consider the fiber of pr; : Z5® — Z18 over c.

1 / \
Jy A i
T = =
\ 9
g, C /0 a unique (among its H2/1—cong.) verticial subgp

assoc. to F. which contains (the fixed) I,
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Next, we consider the fiber of pr; : Z5® — Z18 over c.

1 / \
Jy A i
T = =
\ 9
g, C /0 a unique (among its H2/1—cong.) verticial subgp

assoc. to F. which contains (the fixed) I,

= ay/1(Ilg,) = lF

c
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Note: po : Il — II; induces HFb 5 II; and HFC 5 11;.

= aglu, = id, oyl = id (cf. ap =id)
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Note: po : Il — II; induces HFb 5 II; and HFC 5 11;.

- ag/lh‘[Fb = id, 012/1’1‘[1,6 = id (Cf. OéQZid)

Step 3 (topological argument)

Since
H2/1 = hﬂ(ﬂpb < Ia — HFC)

(cf. van Kampen), we conclude that a3, = id.

This completes the proof of the tripod case of Prop 1.
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83 Proof of Propl — the affine case
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I
Suppose that . For simplicity, we assume that .

Let o € Aut'C(Il;). We want to show that « isa Z-inner.
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Suppose that . For simplicity, we assume that .

Let o € Aut'C(Il;). We want to show that « isa Z-inner.

Step 1 (application of CmbGC)

Z'98: a “natural” smooth log curvey assoc. to X

Zéog: the 2nd log configuration space of Z'°¢

gko'} _
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Suppose that . For simplicity, we assume that .

Let o € Aut'C(Il;). We want to show that « isa Z-inner.

Step 1 (application of CmbGC)

Z'98: a “natural” smooth log curvey assoc. to X

Zéog: the 2nd log configuration space of Z'°¢
gko'}

Let us consider the fiber of pr; : Zy® — Z'8 over .
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N\
i)
I
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— __—\
_ )
{\ Z/ = 7\?\ %
( — E{

Fix: a (nodal) edge-like subgp II,, C Iy, assoc. to v;.

Ug,, lIp, C Iy two verticial subgp assoc. to E,, F,
which contains (the fixed) II,,
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 __—\
- 4
{\ Z/ = 7(\ %
( — EX

Fix: a (nodal) edge-like subgp II,, C Iy, assoc. to v;.

Ug,, lIp, C Iy two verticial subgp assoc. to E,, F,
which contains (the fixed) II,,

Note: We have the following commutative diagram:

Jz © I > Out(Hg/l)

idlZ alzidlz Out(ag/q )lz

Jx < Hl > Out(HQ/l)
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Then it follows from CmbGC that «y/; is graphic, hence that

a(lly,) = &1, -&1 (£€Ily).
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Then it follows from CmbGC that «y/; is graphic, hence that
a(lly,) = &1, -&1 (£€Ily).

= po(Il,,) = po(a(l,)) = p2(&) - p2(Il,) - p2(§)™  (cf. ap =id)
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Then it follows from CmbGC that «y/; is graphic, hence that
a(lly,) = &1, -&1 (£€Ily).

= po(Il,,) = po(a(l,)) = p2(&) - p2(Il,) - p2(§)™  (cf. ap =id)
= p2(§) € N, (p2(Il,)) = p2(IL,)
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Then it follows from CmbGC that «y/; is graphic, hence that
a(lly,) = &1, -&1 (£€Ily).
= pa(ll,) = pa(a(lly,)) = p2(€) - p2(Il,) - p2(§) ™" (cf. a2 =id)

= p2(§) € Nm,(p2(IL,)) = p2(1L,)

Thus, replacing £ by a suitable element, we may assume WLOG that

£ ez
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Then it follows from CmbGC that «y/; is graphic, hence that
a(lly,) = &1, -&1 (£€Ily).

= po(Il,,) = po(a(l,)) = p2(&) - p2(Il,) - p2(§)™  (cf. ap =id)
= p2(§) € N, (p2(Il,)) = p2(IL,)

Thus, replacing £ by a suitable element, we may assume WLOG that
£ ez
Therefore, replacing a by Inn(¢7!) o a, we may assume WLOG that

a(ll,,) = 1I,,.

Under this (additional) assumption, let us prove .
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Then since a1 is graphic, we conclude that

(g, ), o (IlE,) are verticial subgp 2 gy (IL,,) =11,,.

= ay;1(llg,) = Ug,, agn(llp,) = g

x
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Then since a1 is graphic, we conclude that
(g, ), o (IlE,) are verticial subgp 2 gy (IL,,) =11,,.
= ay;1(llg,) = Ug,, agn(llg,) = lF,

Step 2 (group-theoretic argument)

Observe: We have an exact sequence

1 —— Iy, I, —2 1, 1.

Moreover, it holds that a; =id (cf. o € Aut™C(Ily)). Thus, since

L)y is center-free, to verify a =id, it suffices to show that

def _ i
ay1 = alm,, = id.
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Step 3 (topological argument)
Note: pg: Iy — II; induces g, = II;.

- az/l‘an =id (Cf agzid)
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Step 3 (topological argument)
Note: pg: Iy — II; induces g, = II;.
- az/l‘an =id (Cf Ozz:id)

Then since
H2/1 = hg(HEz —II,, — HFZ)

(cf. van Kampen), to verify ay/, =1id, it suffices to show that

042/1|HEZ = id|
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To verify this, by applying

@ deformation theory of stable log curves,

@ specialization theorem of log étale fundamental groups,

we may replace “Z°8 /k" by

v} % \_\ -

/S —(ﬁ: (O, N

Wlog. the 2nd log configuration space of T¥/1°2

Note: TI, = Ker(m®(Wy®) — m*(5"%)).
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Let us consider the fiber of pr; : Wa® — W& over .
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Let us consider the fiber of pr; : Wa® — W& over .

LK Qx
I e
-1 b
“1/\ = (L(Z %3
k___,FJEi
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Let us consider the fiber of pr; : Wa® — W& over .

— b
“1/\ = (G !

k___,,.lEi

— a2/1‘HTx = id (Cf a2/1|HFm :ld)

T'8: a “natural” smooth log curve gog assoc. to 1\ {marked pts, node}
Tzlog: the 2nd log configuration space of Z'°8

Tpd def Ker(ﬂllog(Tylzog) — Wiog(slog))
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In particular, we have

1 » Iy, y I, —2 5 1L 1
1 H;‘;‘li s TP —— Pt —— 1,
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In particular, we have

1 » Iy, y I, —2 5 1L 1
1 H;‘;‘li s TP —— Pt —— 1,

Then since ay);(Ilg,) = g,, ay|n, =id, it holds that
d d
0‘2/1(1_[;}/)1) = H;I;I

(cf. van Kampen).
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In particular, we have

1 » Iy, y I, —2 5 1L 1
1 H;‘;‘li s TP —— Pt —— 1,

Then since ay);(Ilg,) = g,, ay|n, =id, it holds that
d d
0‘2/1(1_[;}/)1) = H;I;I

(cf. van Kampen). Moreover, one verifies that ag/[ipa  arises from
2/1

Hatpd c AutlFC(ﬂé})d) g Etpd (g H;li;(li)

(cf. §2). Thus, we conclude that ay/1|;wa is a H;‘;(ll—inner.
2/1
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Lemma 1l

Let G be a profinite group, H C G a closed subgroup, € Inn(G) s.t.
By =id. Suppose that

e H is center-free.

Then g = id.
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Lemma 1
Let G be a profinite group, H C G a closed subgroup, € Inn(G) s.t.
By =id. Suppose that

e N¢(H) = H;

@ H is center-free.

Then = id.

We would like to apply this Lemma, to the present situation, by taking

llG’,t b ]:[tpd' l‘HYYt b H , “ ”t b .
o be II, o be Iy, “A" to ea2/1‘l—[;1;il
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Lemma 1
Let G be a profinite group, H C G a closed subgroup, € Inn(G) s.t.
By =id. Suppose that

e N¢(H) = H;

@ H is center-free.

Then = id.

We would like to apply this Lemma, to the present situation, by taking

[ya il tpd " " won

G" to belly,, “H"tobellr,, “5" tobe a2/1‘Ht2‘j‘j'

Therefore, we conclude that oy |;wa = id, hence that g/ |y, = id.
2/1 ®

This completes the proof of the affine case of Prop 1.
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54 Proof of Propl — the proper case

xwuuL

o “;C% /%////;g

o(\“;[/

}% @g

X
T =
HE
N
=
go_
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pr: I — Aut(G): an outer representation of PSC-type
G — G: a universal covering

II;: the profinite gp obt'd by “pulling back the exact sequence”

conj.

1 > Hg Aut(Hg) — Out(Hg) — 1

by the composite I 2% Aut(G) — Out(Ilg)
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pr: I — Aut(G): an outer representation of PSC-type
G — G: a universal covering

II;: the profinite gp obt'd by “pulling back the exact sequence”

conj.

1 > Hg Aut(Hg) — Out(Hg) — 1

by the composite I 2% Aut(G) — Out(Ilg)

Definition

If Z € Vert(G) or Node(G), then we shall write

def def
I < Zn,(Il;) € D; < Ny, (I03).
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Definition
pr: I — Aut(G): an outer representation of PSC-type

ti N

pr is of NN-type &

(1) 127

(2) For every v € Vert(G), the image of Iy — II; — I is open.

(3) For every é € Node(G), the natural inclusions I, I, C Is

— where é abuts to 71, U3 € Vert(G) — induces an open

injection If,l X 1172 — I;.
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Theorem 3 (CmbGC for outer rep'ns of NN-type)
pr: I — Aut(G), pj:J — Aut(H): outer rep'ns of PSC-type

a: g = Tly: an isom. which fits into a comm. diag.

I -2 Aut(G) —— Out(Ilg)

lg lZ Out(a)

J 22 Aut(H) —— Out(ITy)
— where I = J is an isomorphism. Suppose that

(i) pr, pg are of NN-type.
(i) Cusp(G) #0 and « is group-theoretically cuspidal.

Then « is graphic.
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